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The object of this pIper il to allow that the ClBtimdte of the ground state energy may be 
considerably Improved wIth the help of another variational state. In addition to that 
uled ror the estimation of the ground Itate energy. 
INTRODUCTION 
In many applications of quantum mechanics to problems in physics and 
physical chemistry. use is made of variational states to determine approxi-
mately the ground state energy, as well as those of the neighbouring 
excited states; the corresponding el(pectation values, which are extremized, 
.re taken as approximate eigen-value,. A little critical examination reveals 
that if two or more variational states and the corresponding estimates of 
the elgen.values are known, in general, it is possible to obtain a much 
better estimate of the ground state energy. This is possible only because 
of the absolute minimum character of the ground state energy. which i. 
the lowest eigen-value. The object of this paper is to show explicitly, 
how this can be done with the knowledge of two variational states and 
respective expectation values of the energy. This is accomplished by 
finding new variational states from the two known variational states 
which minimizes the expectation value of energy· As it is expected, 
in general, this further lowers the expectation va:ue. The method can 
be easily extended to the case where more than two variational states are 
known. 
In the following section the new variational states with a real para-
meter and the improved estimates of the expectation values are worked 
out. The next section is devoted to the algebraic significance of the 
method. It contains further discussions on the practical use and the 
possible generali.ation of the method. The paper is supplemented by an 
appendix in which the parameter introduced for the formation of the 
new variational state is no longer real. This does not change the basic 
nature of the reSllk which is obtained with a real parameter, but further 
improves the estimate. 
In short, it is shown here that in addition to the determination of 
the mutually orthogonal variational states for obtaining the ground slate 
energy, a further restriction .hould be imposed that the Hamiltonian mu.t 
be diagonalized in this subspace of the variational states. Since one of 
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the diagonal element is less than the previous determination of the ground 
state energy, it Is a better estimate of the latter, because of the absolute 
minimum property of the ground state energy. 
THE VABIATIONAL STATES AND THB ESTIMATE OP THE BIGBN-VALUBS. 
Let H be the total Hamiltonian of the system and let ~I be the solution 
of the variation problem 
with ... (1) 
and iet (~.H~,)=E, ... (2) 
So that E, may be taken as an eslimBte of the ground state energy. Further, 
iet~. be another solution of equation (1) such that 
and let (~H~,I=E. 
... (3) 
... (4) 
Thus E, which is greater than E, may be taken as an estimate of the energy 
of some neighbouring state (not necessarily the adjacent one). 
Let US consider the new variational state 
~=('I + .,.) (1+.') - \ ... (5) 
which is a linear combination of " and .p, ; it Is normalized to unity. In 
order to avoid unnecessary complications we take, to be a real parameter. 
In the appendix it Is shown that the estimate of energy is further improved 
by taking E complex. Now 
where 
(;. H~) = (EI + 2.~ + .'E,) (1 + .')"' 
2 11 = ('I.Hrp,) + (f,.H.p,). 
••. (6) 
... (7) 
Since H is hermitian 11 is real, in general k is di1ferent from zero. 
In that case the expression (6), qua a function of E, say 1(.), can be 
extremi,ed. Since 
d/(.) 2 { } 
-ilf" =(Hc')1 j, (1 - ra) + c(E, - El ) ... (B) 
the two extrema are given by 
'4; = (E, - E, :I: 7f)/~k ".(9) 
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where 
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E= I ((E.-E,)- + 4kl}f I 
d~~:) = l' ZE (1 + r± 1)"1 
.. ·{I0) 
••• (11) 
Hence, at E. it is maximum and at E_ it is mmlmum. It is important to 
note that these extremum properties are independent of the sign of k 
From the expression (6), the nature of 1(.) is now quite clear. Equations (9) 
and (10) show that E+ > I) and E_ < 0 when Ie > 0, otherwise when 
k < O. So that when Ie > 0 as E increases ftom - .. , fee) decreases 
gradually from H, to a minimum at E_, then increases (passing through 
E, at • = 0) upto a maximum at <., further, it gradually decreases to 
E, as • -+ + DC. Hence, the minimum is less than H1• The nature of 
variation of feE) for Ie < 0 may be easily inferred from the fact that the 
expression (6) is invariant with simultaneous change of sign of k and •. 
The expressions for f ... and f ... may be obtained easily as 
Bnd 
From expression (10) Ii> (E, - NIl, hence 
!.i, < HI and f ... > E •. 
for 
for 
The corresponding variational stat~s are 
Further, they are again orthogonal, i.B, 
(~+ ' ~_) = O. 
This follows from equations (9) and (10) in virtue of 
<.<_ = - 1. 
DISCUSSION 
... (12) 
: .. (13) 
...(14, 15) 
... (16) 
... (17) 
... (18) 
... (19) 
The expression (11) for f.l, shows that the estimate of ground state 
enerJY is further lowered with the help of variational states ~, 
Since the ground state energy is an absolute minimum this Is a better 
estimation of the latter and from the expressions (10) and (11) thl, difference 
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inereas" with k. It is of interest to note that the method can not be 
repeated further With the new variational state +. and +., as 
("' •. H~J + (",_. H",.) = O. ...(20) 
This follows from the fact that 
...., E - -(+ •. H~J = 2k 1(1),. H~J'-(~, H.)} ... (21) 
is purely imaginary and 
"" (~_. H+.) = (1',. H+J* ... (22) 
It has already been indicated that the method is not useful when k = 0, as 
in this case the only solutions of equation (8) are. = 0 and I. I .... "", 
whieb lead to ~, and ~, for h. 
As a matter of fact, in case of real variational states the method is 
equivalent to the diagonalization of H operator in the subspace of these 
two states. From this point of view the initial variational problem may be 
reformulated, such that in addition to equations (2) and (3), 
(of>tll1>,) = 0, · .. (23) 
i e. the variational states should diagonalize H in this two-dimensional 
subspace of real 1>'s. In general for complex ",,'so it is shown in tbe appen· 
diX that working with. as a complex number equation (23) is still valid. 
The choice of new variation states in equation (5) is nothing other than to 
Batisfy equation (20) or (24) j hence, it cannot be further iterated. 
Finally, the usefulness of the method in improving the estimates of 
the ground state energy is quite clear when one more variational state, in 
addition to that for the estimation of the ground state energy, is known. 
However, once the variational state for a tolerable estimate of the ground 
state energy is known, one can SUitably choose another variational state 
m the usual manner, which satisfies equation (3). If this new state does 
not satisfy equation (24), (k i- 0), i, e. H is not diagonalized in this two 
dimensional subspace, dlen the above method immediately yields an impro' 
ved estimate of the ground state energy. It is evident from expression (11) 
that the magnitude of the extent of lowering of the ground state energy 
increase with k, i. e. the more the magnitude of the real part of the non" 
diagonal elements of H, In this subspace, in comparison to the difference 
of the diagonal olements, the better is the improvement for the estimation 
state ene!iY. 
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Further. the method in principle may be extended to the case when 
more than two variational states are known initially. However, this will 
introduce complication in the computations. We refrain from doing that 
at this stage. 
ApPENDIX 
As stated in section Z, let us consider the new variational state to be 
formed wid, a complex parameter. Thus, the new normalized variational 
state is 
'and (</I. H</Il = IE, + EoIE. + 2'oko cos (9 + ~)J( I + (08)-1 
where • = -oel • and koe'" = (~, . H cp, ) 
... 
and < ( CPI • H cp,) + .* ( cP, . 11 cP,) = 2 •• ko cos ( 9 + 'I ). 
... (AI) 
... (AZ) 
...(A3) 
The extrema of the expression (A2) qua a function f (.,9) of tlVO variables 
are obtained from the conditions 
..!i('.!l = 0 , af «,8) = 0 
a. a8 ... (A4) 
The extremum positions are given by the roots of the simultaneous 
equations 
1<. (Ee-E,) + (1- '0') ko cos (8 + "')1(1 + 'o'-~ '= 0 
and EO ko sin (8 + 7]1/(1 + <0') = 0 
The only solutions which are relevant to the problem are 
sin (Ii + n) = 0, i. e., cos (8 + "') = ± I } 
and (1- <t· ko + aE± (E, - Ell = 0 
with a= ± 1, the roots of which are 
<t = {aIEl - E1l±Eol/2ko 
where iff. = I {(E,-E1J2+4k.IP" I . 
} ... (A5) 
... (A6) 
...(AB) 
The other roots of equation (A5), namely 0) EO = 0 and cos (8. + ~) = 0 
and (iil EO ~ oC leads asymptotically to values E, and E, respectively. for 
f «, Ii) as discussed in section 2. 
In order that the extremum may be a minimum or a maxim'um, the 
quardratic form 
alf (c,.)1 + 2 afO! c,. c,6 + J_,! (c, 8)" UE' a.a8 ~IP 
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should be positive definite or negative definite at these points. Since 
( al,) .- (a', a;a e..f.t. = - (l+~i)" araB )e. .• .t. =0 
and (A 9) 
It follows that' is minimum at a = -1 •• f and lis maximum at a = + 1. <+ • 
These values of I nre given by 
'M .. = E, - lIE. - (E, - 1t,)) 
I ... = E, - tIE. + (EI - Ell!· 
... (A10) 
... (All) 
Though they are exacdy of the same form as given by equation (12) 
and (13). f ••• in equation (AlO) is in general less than f.,. in equation 
(lZ). This is because in the expression (AB) for E •• 1:. ~ k as 1: = 1:. cos '1. 
from equation (7) and (A3). In this case also the two variational atate. 
corresponding to these extrema aTe orthogonal. 
.. (12) 
As before this is due to '+<_ = - 1. which follows from the equation (A7). 
Thus the method of forming the new variational states is equivalent to the 
construction of states such that the Hamiltonian is diagonali1ed in thill two 
dimensional subspace. 
